This paper examines the effects of heat conduction in a wall on thermoacousticwave propagation in a gas, as a continuation of the previous paper (Sugimoto, J. Fluid Mech., 2010, vol. 658, pp. 89-116), enclosed in two-dimensional channels by a stack of plates or in a periodic array of circular tubes, both being subject to a temperature gradient axially and extending infinitely. Within the narrow-tube approximation employed previously, the linearized system of fluid-dynamical equations for the ideal gas coupled with the equation for heat conduction in the solid wall are reduced to single thermoacoustic-wave equations in the respective cases. In this process, temperatures of the gas and the solid wall are sought to the first order of asymptotic expansions in a small parameter determined by the square root of the product of the ratio of heat capacity of gas per volume to that of the solid, and the ratio of thermal conductivity of the gas to that of the solid. The effects of heat conduction introduce into the equation two hereditary terms due to triple coupling among viscous diffusion, thermal diffusion of the gas and that of the solid, and due to double coupling between thermal diffusions of the gas and solid. While the thermoacoutic-wave equations are valid always for any form of disturbances generally, approximate equations are derived from them for a short-time behaviour and a long-time behaviour. For the short-time behaviour, the effects of heat conduction are negligible, while for the long-time behaviour, they will affect the propagation as a wall becomes thinner. It is unveiled that when the geometry of the channels or the tubes, and the combination of the gas and the solid satisfy special conditions, the asymptotic expansions exhibit non-uniformity, i.e. a resonance occurs, and then the thermoacoustic-wave equations break down. Discussion is given on modifications in the resonant case by taking full account of the effects of heat conduction, and also on the effects on the acoustic fields.
Introduction
This paper examines, as a continuation of the previous paper (Sugimoto 2010 , referred to as I hereafter), the effects of heat conduction in a solid wall on thermoacoustic-wave propagation in gas-filled channels or tubes subject to a temperature gradient axially. Neglecting the effects, in I, the linearized system of fluid-dynamical equations for the gas under a temperature gradient was reduced to a single thermoacoustic-wave equation for excess pressure by using the narrow-tube approximation in the sense that a typical axial length is much longer than a span length. This is a one-dimensional wave equation for propagation in a gas non-uniform in temperature and subject to shear stress and heat flux on the wall surface included in the form of hereditary integrals. This equation is always valid for any form of disturbances generally, as long as the linearization does not break down.
Effects of heat conduction in a wall used in the title of this paper imply that the thermal conductivity of the wall is regarded as being large but finite in comparison with that of the gas, and so is the heat capacity of the wall per volume. When they are regarded as infinitely large, no variations in the wall temperature occur irrespective of temperature variations in gas. This assumption may be relevant usually in the context of classical acoustics. In recent thermoacoustic devices, however, so-called stacks are exploited (e.g. Swift 2002 ), in which ceramics or polymers are used for wall materials, or a wall thickness is comparable with a span length of the channels or the tubes. In such a situation, it is unclear as to whether or not the above assumptions are satisfied fully. The purpose of this paper is to examine the effects on thermoacoustic-wave propagation in gas enclosed in two-dimensional channels by an infinite stack of plates or in a periodic array of circular tubes, and to clarify how they affect the propagation.
There are few studies on the effects of heat conduction in a wall. Henry (1931) checked them as one of the various effects affecting sound speed given by Kirchhoff's (1868) theory (see Rayleigh 1945) in the search for causes of discrepancy in measurements of the ratio of specific heats. The effects appear through the square root of the product of the ratio of the heat capacities of the gas to the solid per volume, and the ratio of the thermal conductivities of the gas to the solid. Because this ratio, denoted by ε, is usually very small (of the order of 10 −4 ) for air and metals at room temperature in atmosphere, the effects were considered to be negligible. In the context of thermoacoustics, Rott (1973) examined the effects in cryogenic regime because some solids (e.g. copper) exhibit a significant decrease in heat capacity at low temperature whereas the thermal conductivity increases very dramatically (AIP Handbook 1982) . As a result, it happens that this ratio becomes rather greater than unity. While such a special situation exists, there are cases in which the ratio is small even at cryogenic temperature.
Rott included the effects of heat conduction by restricting substantially to a case where the ratio is small, because instability would be suppressed if the ratio were large. Later Swift (1988) also included these effects in developing the linear theory for two-dimensional channels bounded by plates taking account of the finite thickness of them. The level of approximation of Swift's theory is the same as that of Rott's theory and the present narrow-tube approximation. Using Swift's theory, Gopinath, Tait & Garrett (1998) calculated the second-order thermoacoustic streaming in a resonant channel and examined the temperature distribution in the stack. Karpov & Prosperetti (2002) took account of the effects to seek the emergence of nonlinear oscillations in a prime mover. Marx & Blanc-Benon (2004 , 2005 examined thermoacoustic streaming in refrigerators to check the validity of the linear theory for a low amplitude. But Marx & Blanc-Benon (2005) reported that the disagreement was not necessary due to nonlinear effects.
It is seen in Swift's (1988) theory in a frequency domain that the effects of heat conduction introduce a factor {1 + ε tanh[H (−iω/κ e ) 1/2 ]/ tanh[d (−iω/κ s ) 1/2 ]} −1 , where H and d denote, respectively, half the width of the channel and of the solid 2. Models of the problem 2.1.
Geometry of the models
To examine the effects of heat conduction in a wall on thermoacoustic-wave propagation, two models are considered. One is for propagation in two-dimensional channels between parallel plates of thickness 2d stacked in the direction normal to the plates periodically with distance 2H apart. Taking the y-axis along this direction, the x-axis is taken parallel to the plates along the direction of wave propagation. The origin of the axes is taken at a midpoint spanwise in one 'cell' of the channels in the stack of plates. Figure 1 shows the geometrical configuration of the channels where no variations are assumed in the direction normal to the sheet of paper. The other model is for propagation in a periodic array of circular tubes. Two arrangements are conceivable, one being a square array in a plane normal to the axis of the tubes, and the other a staggered array, as shown in figures 2(a) and 2(b), respectively. In the square array, circular tubes of radius R and of thickness d are embedded in a solid matrix. The centres of the tubes are located at four corners of square of side length 2(R + d). In the staggered array, the centres are located at three corners of triangle of side length 2(R + d). If the material of tubes is the same as that of the matrix, then the term 'bores' may be more suitable.
In both models, the channels and the tubes extend infinitely not only in the x-direction but also periodically in a plane normal to the x-axis so that no outer boundaries are considered. Solid walls are assumed to be rigid with smooth surface. A phenomenon occurring in one cell of the channels or the tubes is assumed to be identical to those in the other cells. Because of the spatial periodicity in arrangements, only a unit cell with the origin of the coordinate axes taken is considered. H 2d H O FIGURE 1. Illustration of two-dimensional channels of width 2H separated by an infinite stack of solid plates of thickness 2d subjected to non-uniform temperature distribution in the x-direction where T e , T s and T w denote, respectively, the temperatures of gas, solid plate and wall surfaces in a quiescent state, and the origin of the coordinate axes x and y is chosen in one cell of the channels. ) show, respectively, the square and staggered arrays of the tubes of radius R and of thickness d, which are embedded in a solid matrix (shaded area), and the origin of the radial coordinate r is chosen in one cell bounded by the square in (a) and the hexagon in (b).
Steady temperature fields
The solid wall is subjected to a temperature gradient in the x-direction. In a quiescent state of the gas where no gravity is assumed, steady temperature fields in the gas and the solid are sought. Letting the temperature at the wall surface between the gas and the solid be T w , axial variation of this is assumed to be gentle enough over a distance comparable with a span length to satisfy the following condition:
where T w is a function of x only for the channels. For the tubes, H is replaced by R but T w will depend not only on x but on a circumferential coordinate of the tube. This 64 N. Sugimoto and H. Hyodo will be discussed later. No boundary conditions in the axial direction are considered since the channels and tubes are assumed to be long enough.
The temperature field in the solid, denoted by T s , is first sought. Because the heat flux −k s ∇T s must be divergence-free, where k s is a thermal conductivity of the solid and is assumed to be a constant independent of the temperature, T s satisfies the Laplace equation T s = 0. As long as the assumption (2.1) is valid, T s is obtained for the case of the channels as
2) for H < y < H + 2d, where T w (x) denotes a temperature on the wall surfaces at y = H and y = H + 2d (also at y = −H), which is an unknown function of x, and the symmetry with respect to y = H + d has been used. For the gas, the temperature field also satisfies ∇ · (k∇T) = 0, k being the thermal conductivity of the gas. This conductivity and a shear viscosity µ are assumed to be dependent on the temperature in the form of a power law given by
where β is a positive constant between 0.5 and 0.6 for air, and the subscript 0 is used to imply a value of a quantity or a variable attached in a quiescent, reference state. With (2.3), T 1+β satisfies the Laplace equation T 1+β = 0. In the same way as that leading to (2.2), T 1+β may be obtained as
where T is equal to T w at the wall surfaces y = ±H. Since the second term is assumed to be small, (2.4) is expanded into
For this distribution, the continuity of heat fluxes through the wall surfaces is required, i.e. −k∂T/∂y = −k s ∂T s /∂y. Thus, it follows that
(2.6) Equation (2.6) is readily integrated to yield an equation which determines the temperature distribution T w on the wall as
where c 1 and c 2 are arbitrary constants to be determined by boundary conditions at both ends of the channels, although not specified in the present context.
is negligible so that T w /T 0 may be approximately given by a linear function of x as (k 0 H/k s d)(c 1 + c 2 x). If k s d/k 0 H is comparable with unity, then (2.7) should be solved for T w /T 0 , which is given by a nonlinear function of x. Note that this distribution is monotonic in x.
For the case of tubes or bores, the temperature fields are not so easily obtained. The temperature field of the solid must satisfy, by symmetry, no heat flux −k s ∂T s /∂n = 0
Density
Specific heat Thermal conductivity Thermal diffusivity along each side of the square or hexagonal cell, n denoting the normal coordinate along the periphery of the cell. While the temperature field is uniform over a crosssection to the lowest approximation, higher-order corrections similar to (2.2) and (2.4) are no longer functions of the radial coordinate r only, but periodic functions in a circumferential coordinate. They are difficult to obtain.
If the boundary conditions are replaced by ∂T s /∂r = 0 at r = R + d, then the axisymmetric temperature field is readily obtained as
where T w (x) denotes the temperature along the wall surface at r = R. This is a situation in which the circular tubes having thickness d and thermal conductivity k s are embedded in a non-heat-conducting matrix (shaded area in figure 2 ). Such a model will be treated in the following for the sake of simplicity. This will be closer to a situation in the staggered array than that in the square array because the fraction of the shaded area to the total area of the unit cell is smaller in the former case. For the gas, the temperature field is obtained as
The continuity of heat fluxes at r = R leads to
10) c 1 and c 2 being arbitrary constants. Although the coefficient in the second term is different from (2.7), the analysis will be made in parallel.
2.3. Thermal properties of materials Here we refer briefly to material constants related to thermal properties of gases and solids used in thermoacoustic heat engines. For four gases (air, argon, helium and nitrogen) and four solids (ceramics, copper, polyimide and steel), table 1 shows numerical values of the density ρ, specific heat at constant pressure c p , thermal conductivity k and thermal diffusivity κ (= k/ρc p ) at atmospheric pressure 0.1013 MPa and temperature 300 K. Among the gases, helium is exceptional in all aspects. Among the solids, copper and polyimide are two extremes and the thermal 66 N. Sugimoto and H. Hyodo diffusivity differs by a value of the order 10 . It is noted that the thermal conductivity of the ceramics is comparable in order with copper.
The values for the gases are taken from the database of the National Institute of Standards and Technology (NIST, US Department of Commerce), Thermophysical properties of pure fluids -NIST12 Version 5.2 (see also Turns 2006) . The values of the pure copper and the stainless steel (AISI 304) are taken from Incropera & DeWitt (1990) . Because values of the ceramics depend on additives, mean values of the data given by Zhou et al. (2004) . It is found from these that ρ becomes heavier by a factor of almost 10 but c p and k do not change little so that κ decreases inversely proportionally to the pressure. Conversely, κ increases as the pressure is decreased.
3. Summary of the equations in the narrow-tube approximation 3.1. Narrow-tube approximation and dimensionless parameters At first, we recapitulate the narrow-tube approximation introduced in I. There are three length scales in the problem. One is a typical span length, H (or R), another a typical axial length L in temperature gradient or a typical axial wavelength of pressure disturbances a 0 /ω, a 0 and ω being an adiabatic sound speed and a typical angular frequency, and the other a typical thickness of the viscous diffusion layer √ ν/ω or thermal layer √ κ/ω, respectively, ν being a kinematic viscosity. Because the Prandtl number Pr(=ν/κ) is of the order of unity for gases, the diffusion layer is represented by the viscous one. In I, the three dimensionless parameters are introduced as follows:
where χ takes a value larger than unity but it takes unity if the temperature gradient is absent. It should be emphasized here that the term 'narrow tube' in this paper means a case with λ 1 not δ 1. The latter will be called a case of a thick diffusion layer. When the heat conduction in the wall is taken into account, it will be revealed that the introduction of the following parameters combined is useful rather than simple ratios:
where the subscripts e and s designate the value of quantities for the gas in quiescent state and that for the solid, respectively, and these parameters vary along the channels or tubes, since the quantities with e are dependent on temperature. While the necessity for the introduction of K is obvious, ε measures the square root of the product of two ratios, one being the ratio of the heat capacity of the gas per volume ρ e c p to that of the solid ρ s c s , and the other the ratio of the thermal conductivity of the gas k e to that of the solid k s . Because both ratios are very small, admittedly, ε is a small parameter. The last parameter Ge measures the geometry of the two-dimensional channels. For the case of the circular tubes, Ge will be defined later by (5.25). for combinations of the gas in the left column and the solid in the top row at 1 atm and 300 K. Tables 2 and 3 show numerical values of K and ε, respectively, calculated for 16 combinations of the gases and the solids given in table 1. It is seen that K takes values of order unity except for the case of polyimide and for the combination of the helium with steel. It is remarked that K for the ceramics is close to that for the copper. On the other hand, ε takes a small value of order 10 . This fact suggests us to use ε as a small parameter and to expand solutions in terms of it.
Basic equations and boundary conditions
In a quiescent state, let the pressure in the gas p take a uniform value p 0 throughout, and let the temperature of the gas be equal to that of the solid wall, as long as d 2 T w /dx 2 is neglected. According to our notation used so far, the temperature of the gas in the quiescent state is denoted by T e rather than T w so that T = T e and T s = T e . The linearized equations for the gas in the narrow-tube approximation are given in I. In presenting the equations again here, the integer j is prepared to distinguish between the cases of channels and of tubes by j = 0 and j = 1, respectively. Although the notation of y and H is often used even for the case of j = 1, they should be understood to be replaced by r( 0) and R, respectively. All field variables are written without the subscript j because no confusion would occur.
The equations for the gas are given by the following equations of continuity, motion and energy together with the equation of state for an ideal gas as 
in |x| < ∞ and |y| < H where ρ , p , T , u and v denote, respectively, disturbances in density, pressure, temperature, axial velocity in the x-direction and spanwise velocity in the y-direction from those in the quiescent state, t being the time −∞ < t, and the subscript e for the quiescent state implying functions of x determined by T e . These equations are now supplemented by the equation for the heat conduction in the solid walls. Because a span length of the wall is assumed to be comparable with that of the channels or tubes and much shorter than the typical axial length L, the narrow-tube approximation is also employed. Then the equation is approximated as
where T s denotes disturbance in temperature of the solid wall from T e , and ρ s , c s and k s are assumed to be constant. Boundary conditions on the wall surface(s) require non-slip of the gas as (3.9) and the continuity of the temperatures and of the heat fluxes as
In addition, no heat flux is required as
Noting that p is uniform in y from (3.5), and averaging (3.3)-(3.7) over the crosssection, the system of equations is reduced to a prototype of the thermoacoustic-wave equation for p with a dipole s and a monopole q as
where a e denotes a local adiabatic sound speed defined by
γ being the ratio of specific heats, and s and q denote, respectively, shear stress acting on the gas at the wall surface(s) and heat flux flowing into the gas from the wall as
and
Integrating (3.8) over the thickness, on the other hand, it follows that
Effects of heat conduction in a wall on thermoacoustic-wave propagation 69 where (3.11) and (3.14) have been used. Equation (3.12) for p is coupled with the temperature variation in the solid wall through q in (3.15). If the heat capacity of the solid per volume ρ s c s is very large, then T s does not change against the heat flux q.
If the thermal conductivity k s is very large in comparison with k e , then the second condition of (3.10) suggests no temperature gradient normal to the wall surface.
Derivation of the thermoacoustic-wave equations
To derive the closed form of the thermoacoustic-wave equation, we proceed to express s and q in terms of p . Following in the same way as demonstrated in I, the method of Fourier transform is employed. It is defined by
with its inverse transform given by
Making use of the result that p is uniform over a cross-section, a first step is to express an axial velocity u in terms of p by solving (3.4) together with (3.9). The next step is to express temperature T and T s by solving (3.6) with u obtained and simultaneously (3.8) so as to satisfy the boundary conditions (3.10) and (3.11). With both velocity and temperature fields available, a final step is to express s and q in terms of p and to substitute them into (3.12). Then a thermoacoustic-wave equation for p is derived. This equation may alternatively be derived without use of (3.12) by solving v on substituting u and ρ (from (3.7)) into (3.3) and applying the boundary condition (3.9) for v .
Case of the two-dimensional channels
At the outset, the axial velocityû is obtained from (3.4). Even when the effects of heat conduction in the walls are taken into account, it is unchanged and given bŷ
with σ = −iω where f is defined as
and δ e is defined by
with ν e (x) = µ e /ρ e . Here the dependence of f on σ has been suppressed and σ −1/2 is defined to take a positive real part for a positive value of ω.
On the other hand, the temperature of the gasT must be sought by solving (3.6) simultaneously with (3.8) for that of the solid wall so that the boundary conditions (3.10) may be fulfilled. Making use of the smallness of ε, an asymptotic expansion with respect to it is made and terms proportional to ε N. Sugimoto and H. Hyodo It then follows that
with Pr = ν e /κ e and
where εT ε is a modification due to the thermal coupling with the solid wall, and the subscript P implies the Prandtl number and thermal origin. In passing, no subscript implies viscous origin. The lowest terms in (4.6) correspond to the solution without the coupling and they vanish at y = H where f = f P = 0. The modification is given by
where f K and f KP are defined, respectively, by
with
10)
11) and
Here C denotes the coupling between the viscous diffusion and the thermal diffusion in the solid wall, while C P denotes that between the thermal diffusions of the gas and the solid, and δ s is independent of x because κ s is assumed to be a constant. In consistent with (4.6) and (4.8), T s is obtained aŝ
where f S and f SP are defined, respectively, by 14) in H < y < H + 2d, and εT ε matches withT s at y = H where f K = f S and f KP = f SP . Withû andT available, the shear stress on the wall surfaces is obtained aŝ 15) while the heat flux through the wall surfaces is obtained as
dT e dx σ −1/2 ∂p ∂x
where g and g P are defined, respectively, as
It is found from these relations that the effects of heat conduction in the wall on the gas appear in the temperature field and therefore the heat flux, but not in the velocity field and the shear stress. If the temperature gradient dT e /dx is absent, the heat flux is determined only by the thermal diffusivity κ e and the pressurep itself. This is seen in (4.16) by noting √ ν e /Pr = √ κ e and √ Pr/δ e = (σ/κ e ) 1/2 H. But when the gradient is present, the viscous diffusivity ν e comes into play in the heat flux through g(x, H) together with the pressure gradient ∂p /∂x. This is because the temperature field is affected by convection due to the second term on the left-hand side of (3.6). This convection yields one of the very features of thermoacoustic phenomena.
By the lowest temperature distribution inT , i.e. without the thermal coupling, there flows the lowest heat flux q in (4.16). This gives rise to temperature variation in the walls through (3.15). Because the heat capacity of solid per volume or its thermal conductivity is large,T s is much smaller thanT by the order of ε. This feeds back toT ε in the gas and the heat flux εq w flows through the wall surface. This heat flux gives rise to temperature variation in the wall of the order of ε 2 and, in turn, to temperature variation in gas and heat flux of ε 2 , and this cycle continues. The expansion is truncated at the order of ε, and no higher-order coupling between the gas and the solid is taken into account. Remark that if C P in (4.17) diverges, then a strong coupling is expected to take place.
Sinceŝ andq are now available, the next step is to make their inverse transforms. To do this, use is made of the following formula ((2.39) in I): 20) with h(t) being a unit step function, where Φ is defined by
Because this sum diverges as t → 0, (4.21) is alternatively written as
N. Sugimoto and H. Hyodo To obtain q w , transforms of σ −1/2 C P g(x, H) and σ −1/2 C P g P (x, H) must be evaluated. They are given by the following two inverse transforms, which are set formally as 24) where explicit expressions of M T and M D are given in § 5. Here M T represents the triple coupling among the viscous diffusion, the thermal diffusion of the gas and that of the solid, while M D represents the double coupling between the thermal diffusions of the gas and of the solid. Using these formulas, the inverse transform ofŝ is expressed in the form of a convolution integral given by 25) where M (φ) designates a functional of a function φ(x, t), which is defined as a special case of a following functional M P (φ) by setting Pr to be equal to unity formally:
Using the transforms (4.23) and (4.24), new functionals M T (φ) and M D (φ) are defined, respectively, as (4.27) where the subscript I takes T or D.
With these definitions of the functionals, the inverse transform of σq is expressed as
where q w is set in the form of
While the subscripts T and D attached to M imply the origin from the heat flux, respectively, due to the triple and double couplings among the three diffusions, P implies the origin from the heat flux without the coupling and M without the subscript implies the origin from the shear stress. Each term in εW has the counterpart on the left-hand side. The reason for this will be revealed later. Substituting s and q into (3.12), the thermoacoustic-wave equation for the case of the two-dimensional channels is obtained up to the first-order terms in ε as
4.2. Case of the circular tubes Analyses in this case can be executed in parallel to the previous case but are a little complicated. The transformed solutionsû andT are given by (4.3), (4.6) and (4.8), respectively, with f , f P , f K and f KP replaced by the following functions:
32)
where I i and K i below (i = 0, 1) denote the modified Bessel functions of the ith order, respectively, and Z(r, z) is a solution of (3.8) transformed with (3.11) and is given by 36) with z = 1/δ s , ζ = (1 + η)z and η = d/R. Here δ e is defined by (4.5) with H replaced by R, while δ κ is newly introduced to avoid use of the factor √ Pr in √ Pr/δ e , and δ s is defined differently from (4.12) as
ForT s , f S 1 and f S 2 are replaced, respectively, by
The shear stress and heat flux are given by half of (4.15) and (4.16) with g and g P replaced, respectively, by 
To make inverse transforms of them, the following relation ((4.13) in I) is used:
where Θ is defined as 42) and j n (n = 1, 2, 3, . . .) denote roots of J 0 (j n ) = 0 (0 < j 1 ≈ 2.40 < j 2 ≈ 5.52 < j 3 ≈ 8.65 . . .). As this sum diverges as t → 0, its asymptotic behaviour is already available as
Using (4.41), the functional N P is introduced as 44) and the functional N (φ) denotes N P (φ) with Pr = 1 set equal to unity formally. After the case of the channels, new functionals are defined by
where I stands for T and D, and N T and N D are defined in terms of the following inverse transforms, respectively, as
Explicit expressions of N T and N D will be given later. Using these definitions, the shear stress and the heat flux on the wall surface are expressed by (4.25), (4.28) and (4.29) with the functionals designated by M replaced by their corresponding ones by N . But remark that the factor 2 in (4.25) and in front of c p T e √ ν e in (4.28) and (4.29) should be removed. Substituting these into (3.12) for j = 1, the thermoacoustic-wave equation for the case of the circular tubes is obtained up to the first-order terms in ε as
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Evaluation of the relaxation functions and approximation of the thermoacoustic-wave equations
The thermoacoustic-wave equations have been derived formally by introducing the functionals M I and N I where the subscript I takes T or D. Since explicit expressions of the functions involved are left unspecified, they are evaluated in § 5.1. The thermoacoustic-wave equations are valid at any time and for any form of disturbances temporarily as well as spatially, as long as they may be regarded as being infinitesimally small. While they are general, it will be illuminating to derive from them approximate equations for short-and long-time behaviours. This approximation is made according as the Deborah number De defined by H 2 /ν e t (or R 2 /ν e t) is much larger or smaller than unity. Such an approximation corresponds to the case in which the span length is much larger or smaller than the thickness of diffusion layer, respectively.
Evaluation of the relaxation functions
The kernel functions M I in M I and N I in N I where I takes T or D, are called relaxation functions in this paper. Just as in the case of the inverse transforms of (4.20) and (4.41), they are reduced to the inverse Laplace transforms along the imaginary axis in the complex σ -plane, which are easily evaluated by Cauchy's theorem (see (4.17) in I). Looking for simple poles of the integrands, it is found that they are located on the negative axis so that the integrals vanish for t < 0. In all cases, no branch point exists at σ = 0.
Case of the two-dimensional channels
For M T (t), there are simple poles at σ = −(n − 1 2
2 , (n = 1, 2, 3, . . .), which originate from the zeros of cosh(1/δ e ) = 0, cosh( √ Pr/δ e ) = 0 and sinh(1/δ s ) = 0, respectively. When they are different from each other, then the theorem yields
Here all coefficients of the exponential functions are assumed to be finite, which is a non-resonant case. It is found that there appears a new relaxation time d 2 /κ s due to the heat conduction in the solid wall in addition to the viscous and thermal relaxation N. Sugimoto and H. For M D , the poles of second order exist at σ = −(n − 1/2) 2 π 2 κ e /H 2 so that the theorem yields
The poles of second order contribute to algebraic growth κ e t/H 2 , although multiplied by the decaying exponential function, and give rise to a slower behaviour. For a moderate or large value of t(> 0), the exponential functions decay rapidly as n increases so that the sums converge quickly. For a small value of t, however, the convergence becomes so slow that they tend to diverge as t → 0. Further it may occur that the sums do not converge if one of the coefficients of the exponential functions happens to diverge. This is called a resonant case and will be examined in detail in the next section.
To examine their asymptotic behaviours as t → 0, their Fourier transforms are useful. Expanding them in δ second and third sums cancel with each other to yield the asymptotic expressions 1/ √ πt + · · ·. For a large value of t, on the other hand, both functions decay rapidly and the first sums survive over the others.
Case of the circular tubes
For the case of the circular tubes as well, the functions N T and N D can be evaluated by the same method. For N T , the simple poles occur at σ = −j R], respectively. Further because Z(R, 1/δ s ) has poles, their contributions should be included. Setting 1/δ s = z, it is found that the logarithmic singularity at z = 0 in K i (i = 0, 1) cancels out to disappear and a simple pole appears at z = 0. As z → 0, Z behaves as
while as |z| → ∞, Z behaves as
if Re{z} > 0. There exist an infinite number of simple poles at z = z n = ±ik n (n = 1, 2, 3, . . .) where z n satisfies I 1 (z)/I 1 (ζ ) = K 1 (z)/K 1 (ζ ) with ζ = (1 + η)z. From the asymptotic expressions of the ratios of the two modified Bessel functions for |z| 1 (e.g. Abramowitz & Stegun 1972) , k n are approximated to be given by
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N. Sugimoto and H. Hyodo Taking account of the residues, thus, N T is evaluated as
where X denotes I 1 (z)/I 0 (z) and Y n denotes lim z→z n (z − z n )Z(R, z), which is evaluated as
with ζ n = (1 + η)z n , z n being ik n (n = 1, 2, 3, . . .). R], which give rise to a slower decay. Taking these into account, N D is expressed as
Because the sums on the right-hand sides of (5.8) and (5.10) diverge as t → 0, their asymptotic behaviours are examined by expanding the transformed expressions in terms of δ 
12) 13) and (5.14) with υ 21 = 2 √ κ e + √ κ s and υ 22 = 4 √ κ e κ s + 3κ s . The inverse transforms yield the asymptotic expressions of N T and N D , respectively, as for t → 0. The leading asymptotic expressions are found to be given commonly by 1/ √ πt. Figure 4(a,b) show the logarithmic plots of N T (t) and N D (t) against t over the range 10 −3 t 5, respectively, where the factor ν e /R 2 in the abscissa ν e t/R 2 and ordinate (R/ √ ν e )N T is omitted in figure 4 (a), while κ e /R 2 is omitted in figure 4(b) , for simplicity. Here we are concerned with the case with air enclosed in the ceramic tube with d/R = η = 1 where the values of Pr and K are the same as employed in figure 3 .
As N T and N D consist of three respective sums, each sum is designated by the summation symbol consecutively from the first. As the sum changes sign, the absolute value or the value with sign reversed is shown with the labels attached to the curves. The broken curves represent the asymptotic expressions (5.15) and (5.16). Unlike the case of M T and M D , three terms are necessary to find agreements with the numerical values.
Approximation of the thermoacoustic-wave equations
Approximate equations for a short-time behaviour
For a short time stipulated by H 2 /ν e t 1, the asymptotic expressions of the relaxation functions are truncated at the leading terms. But if a value of Ge is very small, as (5.3) and (5.4) suggest, this condition should be replaced by d 2 /κ s t 1, i.e. Ge 2 PrH 2 /ν e t 1. Then all functionals for j = 0 are reduced to the derivatives of minus half-order as (Gel'fand & Shilov 1964)
where I takes P, T and D, and so is the case with j = 1 by replacing M by N . Using (5.17) , the thermoacoustic-wave equations are approximated into
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Here since the contributions from the functionals remain small, the leading balance occurs between the first two terms so that ∂ 2 p /∂t 2 involved in M P in (4.31) and N P in (4.48) has been replaced by (∂/∂x)(a 2 e ∂p /∂x) and the relation (a
e dT e /dx has been used. It is revealed that the effect of the heat conduction in the wall gives rise to only small corrections of order ε in the coefficients C and C T and therefore the short-time behaviour is affected little, as expected. In passing, as was found by Henry and remarked by Rott, it is interesting to find that because C is engaged in damping in the absence of the temperature gradient, the effects of heat conduction decreases the values of C (and also C T ) to reduce the damping, although very slightly.
Approximate equations for a long-time behaviour
Our next concern is approximation for a long time H 2 /ν e t 1. This corresponds to the case with |δ e | 1, and also to the case in which the span length is much smaller than the thickness of the diffusion layer. But if a value of Ge is very large, this condition should be replaced by Ge 2 PrH 2 /ν e t 1. To derive the approximate equations, it is convenient to work with (3.12) transformed.
Treating both cases for j = 0 and j = 1 simultaneously, and replacing H with R for j = 1,ŝ in (4.15) is expanded in terms of 1/δ e up to 1/δ 4 e aŝ s = H 2 2j−1 1 − 1 3 + 5j 20) while σq in (4.16) is expanded in a similar fashion as
dT e dx 1 3 + 5j − 2(1 + Pr) 15 + 81j
Sinceq w = −C Pq in (4.17), C P is expanded similarly so thatq w is obtained as
22)
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where Q j are defined as 24) and Ge for the case of the circular tubes is defined as
. Before deriving the approximate equations, note that, in (3.12), the first term on the left-hand side stems from the adiabatic density change in the equation of continuity, while the second term stems from the pressure gradient in the equation of motion. When the span length is very narrow, the pressure gradient almost balances with the shear stress on the wall surfaces. Substitutingŝ in (5.20) into (3.12), in fact, it is seen that the first term in (5.20) cancels with the term due to the pressure gradient.
On the other hand, the form of heat flux (5.21) (more generally from (4.16)) depends not only on the pressure but also on the product of the temperature gradient dT e /dx and the pressure gradient ∂p /∂x. The magnitude of the latter is of order (χ/|δ e |) 2 in comparison with the former and is comparable if χ becomes of order |δ e |. Given a pressure gradient, the heat flux changes its sense of flow according to a local value of the temperature gradient. This is another feature of the thermoacoustic phenomena.
For a very small span length, the temperature of the gas is almost equal to the local temperature of the wall so that the temperature variation in the gas is negligible and the thermal process is regarded as being isothermal locally. Yet the heat flux flows through the wall surface. Noting the sign of the heat flux (taken positive into the gas), and c p T e = a 2 e /(γ − 1), it flows into the solid when the pressure tends to increase temporarily because q is given by −2
1−2j
H∂p /∂t to the lowest relation of (5.21). Substituting (5.21) into (3.12), the first term in (5.21), i.e. the term proportional to −(γ − 1)σ 2p , and the first term on the left-hand side of (3.12) yield γ σ 2p . The factor γ implies the isothermal sound speed a 2 e /γ jointly with the second term due to the pressure gradient if the shear stress were absent. However, the shear stress does exist to cancel with the pressure gradient. Thus, the lowest relation of (3.12) is reduced to γ σ has no meaning physically. Keeping these relations in mind, we proceed to seek higher-order terms in (3.12). Substituting (5.20) and (5.21) with (5.22) into (3.12) transformed, and dividing it by γ σ , we arrive at an equation in the same form as (3.17) in I but with an additional term on the right-hand side, denoted by εŵ j , due to the effects of heat conduction in the wall. To treat both cases with j = 0 and j = 1 simultaneously, α is now replaced by α j given by 26) while the coefficient 2/5 in (3.17) in I is replaced by (6 + 10j)/(15 + 81j).
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Transforming these inversely, the approximate equations for the long-time behaviour are obtained as 27) where εw j are given by
Because each term in εw j has a counterpart on the left-hand side of (5.27), and no new terms in form appear, the effects of heat conduction in the wall will not give rise to qualitative changes. But quantitative differences will occur through the coefficients. Their effects appear through the parameter Ge. As Ge becomes smaller to be comparable with ε, they give rise to an appreciable difference from those without their effects. Noting that 29) by (3.2) and (5.25), ε/2 j Ge implies the heat capacity of the wall per unit axial length. Thus, the effects of heat conduction in the wall become pronounced as the thickness of wall becomes thinner.
Results and discussion
6.1. Summary of the results In this section, the effects of heat conduction in the wall are summarized and discussed. Since they are qualitatively common to both cases of channels and tubes, the discussion is focused mainly on the former case. As the effects of heat conduction are often neglected, they appear through the small parameter ε defined by (3.2). For the gases and solids employed usually in thermoacoustic devices, ε takes a small value, of the order of 10 , depending on the combination of the gas and solid, as shown in table 3.
Making use of the smallness of ε, the temperatures of the gas and solid wall are obtained in the form of the asymptotic expansion of ε up to its first order. The temperature variation in the solid is found to be of order ε in comparison with that in the gas. Consistent with this variation, the temperature of the gas is also subjected to changes of the order of ε, and so is the heat flux through the wall surfaces. This heat flux introduces new additional terms to the thermoacoustic-wave equation.
The thermoacoustic-wave equation is the one-dimensional wave equation for gas that is non-uniform in temperature, to which the contributions from the shear stress at the wall surfaces and the heat flux through them are added. The shear stress and the heat flux introduce hereditary effects represented by the functionals M and M P . The relaxation functions Φ(ν e t/H 2 ) and Φ(ν e t/PrH 2 ) involved in them are expressed in terms of the sum of exponential functions and they decay monotonically as t increases with typical relaxation times H 2 /ν e and H 2 /κ e , respectively. It has been revealed that the effects of heat conduction in the wall introduce the two new terms represented by M T and M D resulting from the heat flux due to the triple coupling among the viscous diffusion, the thermal diffusions of gas and solid, and the double coupling between the thermal diffusions of gas and solid, respectively. The relaxation functions M T and M D involved decay monotonically as t increases, and each function consists of three sums. A new relaxation time d 2 /κ s or R 2 /κ s comes in through the third term in the cases of the channels and of the tubes, respectively.
Because the geometry parameter Ge is chosen arbitrarily, it occurs that depending on the values of Pr, K and Ge, one of the coefficients of the exponential functions in the respective sums may diverge and then the expansion exhibits non-uniformity. This suggests that the effects of heat conduction no longer remain of the order of ε. Such a divergence may be regarded as a sort of 'resonance'. This case is discussed below in § 6.2.
For the short-time behaviour, however, the effects of heat conduction remain to be small, of the order of ε, irrespective of the resonance. This is because all relaxation functions behave as 1/ √ πt for a short time. Therefore, the approximate equations are subject to slight change through the coefficients C and C T . For the long-time behaviour, on the other hand, the effects are expected to be significant. This becomes pronounced as the value of Ge becomes smaller than unity, i.e. a wall is much thinner than a span length or a thermal diffusivity of the solid is much greater than a thermal diffusivity of the gas. In view of the numerical values in tables 2 and 3, such a case is plausible in reality if copper or ceramics are used and the ratio d/H is chosen to be extremely small.
Resonant case and unusual diffusion
Relations in the case without expansion in terms of ε
When the resonance takes place, the expansion in terms of ε becomes invalid and the temperature distributions should be sought without expansion. ThenT in (4.6) is modified by replacing f P in (4.7) with
where
while εT ε in (4.8) is modified by replacing f K in (4.9) with f SP , respectively. Since the replacements above give exact expressions toT andT s , the symbol O(ε 2 ) in (4.8) and (4.13) is unnecessary. For the case of the tubes, f P is replaced by 5) and f K is replaced by f SP , respectively.
By expanding 1/A as 1 − εC P + O(ε 2 ), it is verified thatT andT s in § 4 are recovered. Thus, each term in W on the right-hand side of (4.31) has a counterpart on the left-hand side. The replacements by 1/A modify the heat flux in (4.16) through g P , which affect the thermoacoustic-wave equations. But no changes occur in f and therefore in the shear stress and g. Noting that g P results from differentiation of f P with respect to y, g P is multiplied by A −1
. In addition, (4.17) is replaced by
without the symbol O(ε). For the case of the circular tube, the factor 2 should be deleted.
Modifications of relaxation functions
To derive the thermoacoustic-wave equations, the inverse transform of the heat flux (4.16) is necessary, and the inverse transform (4.20) is modified by 1/A . Thus, the following transform must be evaluated:
It is readily seen that the poles of tanh( √ Pr/δ e ) and tanh(1/δ s ) are no longer poles of the integrand. Instead new poles appear from zeros of the denominator by competition between tanh( √ Pr/δ e ) and tanh(1/δ s ). For the denominator to vanish: tanh(1/δ s ) + ε tanh( √ Pr/δ e ) = 0; there are two cases, one being a case in which tanh( √ Pr/δ e ) takes a large value of order ε −1 , or the other a case in which tanh(1/δ s ) takes a small value of order ε. In the former case, simple poles are located near those of tanh( √ Pr/δ e ) and are given by
. The poles are shifted by the order of ε. Noting that the factor 1/ tan[(n − 1/2)πGe] results from 1/ tanh(1/δ s ) and assuming this does not vanish for any positive integer of n, these for four values of Ge(= 1.5, 2.5, 3.5 and 4.5), where the factor κ e /H 2 in the abscissa κ e t/H 2 and ordinate (H/ √ κ e )(Φ − εM D ) is omitted. For t less than 5, all behaviours are almost the same as 1/ √ πt. For t greater than 5, it is seen that as the value of Ge becomes larger, slower relaxations appear. The curve of Φ(t) without the effects of heat conduction almost coincides with the curve for Ge = 1.5.
The relaxation function in the resonant case for Ge = 2 is compared with those in non-resonance cases in the vicinity of it. Figure 6 displays the logarithmic plots of the function determined by (6.12) and Φ(t) − εM D (t) for the values of Ge = 1.95 and 2.05 against t over the interval 0.1 t 100 where ε is chosen to be 0.2 and the factor κ e /H 2 is omitted from the abscissa and ordinate. For reference, Φ(t) is drawn in the broken curve. The open and solid dots represent, respectively, the inverse Laplace transforms of (4.20) and (6.8) for Ge = 2 and ε = 0.2 evaluated numerically by the double exponential formulas (Ooura & Mori 1991) . The open dots almost lie on the broken curve for Φ(t) but the dots in both cases scatter for the ordinate below 10 −15
, which is the limit of accuracy in double precision. Because the formulas provide very accurate results just as seen from the agreements between the open dots and the broken curve, it is conjectured that differences between the curve for Ge = 2 and the dots would stem from higher-order terms in (6.12). When (6.8) is evaluated numerically for Ge = 1.95 and Ge = 2.05, they are close to the solid dots away from the curves with Ge = 1.95 and 2.05.
Resonance conditions and modified thermoacoustic-wave equations
Resonance conditions are found from the coefficients of the exponential functions in M T and M D . They are given for √ PrGe and Ge which coincide with 2m/(2n − 1) for any positive integers m and n, unless √ Pr takes (2m − 1)/(2n − 1). It is noted that because the value of Ge varies with x, the resonance conditions are met at somewhere along the channel. For the resonance conditions in the case of the tubes, they are identified by the relaxation functions N T and N D . The resonance occurs when j n √ Pr FIGURE 6. Differences of the relaxation functions in the vicinity of the resonance at Ge = 2 for ε = 0.2. Logarithmic plots of the relaxation function determined by (6.12) in the resonant case and Φ(t) − εM D (t) in the non-resonant cases for Ge = 1.95 and 2.05 against t over the interval 0.1 t 100 where the abscissa and ordinate measure κ e t/H 2 and (H/ √ κ e )(Φ − εM D ), respectively, but the factor κ e /H 2 is omitted. The open and solid dots represent, respectively, the inverse Laplace transforms of (4.20) and (6.8) evaluated numerically by the double exponential formulas where the former almost lie on the curve Φ(t) in the broken line but both dots scatter for the ordinate below 10 −15 . or j n / √ Pr hit one of the roots of J 0 or when k n √ κ s /ν e or k n √ κ s /κ e hit one of those roots. Further j n √ ν e /κ s or j n √ κ e /κ s hit the poles of Z.
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To derive the thermoacoustic-wave equation valid both in non-resonant and resonant cases, the asymptotic expansion in ε should be abandoned. Then the functionals M P − εM D and M T in (4.31) and (4.30) are replaced, respectively, byM P andM T , whose relaxation functionsM P andM T are to be determined by the inverse transforms of (6.8) and (6.11), respectively. Then the thermoacoustic-wave equation takes the following form: Although explicit expressions ofM P andM T are not given, they are determined by the zeros of the function tanh(1/δ s )+ε tanh( √ Pr/δ e ) and the poles of tanh(1/δ e ). Equation (6.13) is the full thermoacoustic-wave equation taking account of the effects of heat conduction without making an expansion in terms of ε, and therefore it is valid for any value of Ge. For the case of the circular tubes, similar replacements are necessary in (4.48) and (4.49). The relaxation functions inÑ P andÑ T are simply replaced by the inverse transforms of (4.46) and (4.47) with the factor 1/A multiplied. N. Sugimoto and H. Hyodo circular tubes subject to an axial temperature gradient. On the basis of the narrowtube approximation, the linearized basic equations in both cases have been reduced to single thermoacoustic-wave equations for the excess pressure. While the equations are valid generally at any time and for any form of temporal and spatial variations, the approximate equations have been derived from the respective wave equations for shortand long-time behaviours specified according to whether the Deborah number is much larger or smaller than unity.
The present analysis has clarified quantitatively under what conditions the effects of heat conduction are negligible or become pronounced to be primary. The effects appear through the parameter ε defined by the square root of the product of two ratios, one being the ratio of the heat capacities per volume and the other the ratio of the thermal conductivities. This is not the only parameter for the effects as they are determined by the ratio of thermal diffusivities and especially the geometry parameter Ge defined by the relative thickness of the wall.
Because the heat capacity per volume and thermal conductivity of the solid wall are usually greater than those of gas, the value of ε is very small so that the effects of heat condition have been taken into account to the first order of ε. But it has been unveiled that when the geometry parameter takes special values, the expansion exhibits non-uniformity, i.e. resonance, and then the effects become enhanced up to the order of √ ε. In comparison with the diffusion of ε in non-resonant case, the effects give rise to unusual diffusion in a transient behaviour and modify the thermoacoustic-wave equations.
In addition to such a resonance, the effects become pronounced in a transient behaviour as the value of Ge becomes larger, whereas in a long-time behaviour, they become pronounced as the value of Ge becomes smaller and ε/Ge becomes larger. When the value of Ge is small, the heat capacity of the solid wall per unit axial length is not large enough compared with that of the gas. Thus, the condition for a long-time behaviour, Ge 2 PrH 2 /ν e t 1, is quickly satisfied after a short time. If the value of Ge is large, it takes a longer time for a long-time behaviour to be realized but then the effects are smaller relatively. For the short-time behaviour, in contrast, the effects give rise to only small effects of order ε and therefore they may always be negligible.
In conclusion, the effects of heat conduction in the wall may be neglected as long as the value of ε is small enough. But as it becomes larger, although smaller than unity, it may happen that the effects appear enhanced, depending through Ge on the geometry of the channels and the tubes, and the combination between the gas and the solid. The quantitative results about the effects provide useful information in estimating their influence on thermoacoustic-wave propagation and also as a guideline in designing thermoacoustic devices.
